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Neoclassical energy confinement times in / =2 stellarators and tokamaks with and without
ripple are computed by Monte Carlo simulation over wide ranges of mean free paths, ratios of
plasma to gyro radius, and radial electric fields. In parameter ranges which allow computation
of a local neoclassical heat conduction. this quantity is also obtained by Monte Carlo
simulation and related to the energy confinement. The plateau, v—!, v'? and v regimes are
discussed. T 1987 Academic Press, Inc.

1. INTRODUCTION

In this paper, Monte Carlo methods developed previously [1-37] for calculating
neoclassical heat conductivity in stellarators are generalized to the calculation of
energy confinement times for stellarators. This generalization allows one to treat
not only the limiting case of a large ratio @, of plasma radius a to gyro radius p in
which a local transport coefficient can be calculated, but also cases in which the
gyro radius is too large for a strictly local transport coefficient to exist. A simple
criterion for the non-existence of local heat conductivity is the loss of test particles
before a heat conduction coefficient can be calculated from the spatial broadening
of an initially localized distribution of test particles. For mean free paths larger than
the connection length, this behaviour is seen for values of Q, of the order of 10°
Experimentally, Q, is of the same order for thermal ions in existing stellarators
{W VII A and Heliotron), in stellarators currently being built (W VII AS, ATF),
and probably also in next-generation stellarators (e.g., W VIL X), so that it is
important to assess the effects of a finite value of @, [4]. The effect of an electric
field is important for the local heat conductivity in the long mean free path (lmfp)
regime since it changes the collisionless particle orbits; for the computation of
energy confinement times the effects of an electric field are even more important,
since, in addition, it governs the spatial profile of the test particle distribution
function. Therefore, an electric field F is included in the form of an electric potential
¢ which is constant on magnetic surfaces. As in earlier work. the problem of Monte
Carlo simulation of the transport properties is alleviated by the assumption of a
monoenergetic test particle distribution with energy E. The basic tool used is the
Fowler-Rome-Lyon code [3], which, because it is formulated in magnetic coor-
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dinates [5], allows an electric potential more easily than the Monte Carlo code in
Cartesian coordinates [2]. Detailed tests (without electric field) have shown
complete agreement between the results of these two codes if a sufficient number of
Fourier coefficients representing [B| in magnetic coordinates are taken into
account [6].

This paper is organized as follows. Section 2 describes the Monte Carlo
procedure which yields a stationary test particle distribution and an associated
energy confinement time. In Section 3 results are obtained for /=2 stellarators. In
the appropriate regions of mean free path and value of Q,, the diffusion coefficient
and energy confinement time are related to each other. The so-called v regime (i.c.,
the very long mean free path regime) is investigated and the result is explained in
terms of a model for the loss-cone-dominated distribution function. In Section 4 an
electric field is taken into account and the collision operator is appropriately com-
plemented. The effect of the potential on the loss rate in the plateau regime is dis-
cussed. In Section 5 results are presented for /=2 stellarators, with electric fields
taken into account. Results for more general stellarators are obtained without
changes in the procedure, since only a different Fourier structure of |B| has to be
used as input for the Monte Carlo code. Some results for more general stellarators
are contained in [7] and will be presented in a subsequent paper.

2. STATIONARY DISTRIBUTION AND ENERGY CONFINEMENT TIME

If the value of @, is sufficiently large, a local heat conduction coefficient can be
calculated with the help of Boozer’s Monte Carlo equivalent of the pitch angle scat-
tering operator. The results can be presented in a normalized way [2] and are
briefly repeated here for tokamaks without and with ripple and for /= 2 stellarators.
A dimensionless mean free path L* is used:

L*=A/L., L.=nRy/, (2.1)

where A is the mean free path, L. half the connection length, R, the major torus
radius, and 1 the rotational transform (or twist) on the magnetic surface considered.
A dimensionless transport coefficient D* is introduced by

D*=D/Dy, (2.2)
where Dy is the plateau value
pv pv
= U. :0_ 4 . 2.3
Dp=0.64 7L 6 oy (2.3)

v=(2E/m)'? being the particle velocity and p=muv/eB, the formal gyro radius,
where B, is the main magnetic field at R,.
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With these normalizations, the Pfirsch-Schliiter regime, the tokamak banana
regime, and the ripple regime are given, respectively, by

Dis=1/L* ~ Dix~A'5/L*,  D§=1655.°L* (2.4)

1
e
where 4 = R,/r is the aspect ratio of the magnetic surface considered and &, is the
effective ripple.

For an /=2 stellarator of N field periods, a more precise representation of ripple
transport is given by

*=2334 B NL*

e
[
h

~——

for 10< A4 <40,025<:1<1.0, SN,

An alternative affording wider applicability is to assess the neoclassical ion
behaviour by computing an energy confinement time t {or, equivalently, a loss rate
S=1/1) from an asymptotic stationary distribution which is obtained as foliows.
Only scattering with a uniform background plasma is considered, so that a con-
stant value of mean free path for pitch angle scattering is assumed throughout the
plasma volume. A particle carrying energy across the boundary of this volume is
replaced by another particle with the same initial energy E in such a way that a
particle {with index n;) of the remaining test distribution is doubled and from then
on treated as statistically independent. The particle to be doubled is selected
according to a cyclic procedure

ni=(n;_y +kgyo) modulo 64 (2.6)

for a test distribution which comprises 64 particles. Here, s, is the index of the
particle which was doubled last. The cycle number k. has to be relative prime tc
the number of particles. By this procedure a stationary solution is asymptotically
obtained and corresponds to the slowest decay mode of the drift kinetic equation
without source term. The decay rate of this mode corresponds to the Monte Carlo
replenishment rate and is equivalent to the energy loss rate. Asymptotically in time
the procedure described is equivalent to a particle source function proportional to
the distribution function (see also Eq. (3.4)).

A stationary distribution obtained in this way is shown in Fig. 1. In conjunction
with this distribution, the following plateau loss rate is found:

v
Sp=3.6 —.
i Q2mmR,

,? ‘;
~3

Comparison of Egs. (2.3) and (2.7) yields the well-known result [8]

Dy a\?
—={=1- {2.8)
Sp (2.4)
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Fig. 1. Stationary distribution function fo(¥) in a tokamak in the plateau regime. The distribution
was obtained from the asymptotic behaviour in time (10° collision times). L* = 10, Q, = 10%, Ry/a =10,
1=0.5.

which may also be considered as a validation of the Monte Carlo pro.:dure for
obtaining this loss rate. It is useful to keep the following sets of numbers in mind:

E (deuterons) = 10keV, a=1m, R=10m, B=5T, 1=0.5, Spxdsec™’;
E (protons)=3keV, a=05m, R=5m, B=3T, 1=05 Spx9scc™’.
In a way analogous to Eq. (2.2), normalized loss rates can be introduced by
S§*=5/Sp. (2.9)

For the Pfirsch-Schliiter, banana, and, in the case of a rippled tokamak, ripple
regimes, results completely analogous to Eq. (2.4) are found:

St=1/L*; Sk~ AYS/L*  SE=16501°L* (2.10)
Figure 2 shows these results.
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FiG. 2. Normalized loss rates in a tokamak without and with ripple. Q,=10% R,/a=10, 1=0.5,
6. =0.02.
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FiG. 3. Normalized loss rates in an /=2 stellarator for @,=50 ((O). 200 (+), and 1000 (x).
Ry/a=8.6, N=5,1=05, d,x0.02 (at aspect ratio 4 =17).

3. RESULTS FOR /=2 STELLARATORS WITHOUT ELECTRIC FIELD

Results analogous to those for rippled tokamaks are found for /=2 stellarators
and shown in Fig. 3. The ripple regime can be described by (compare Eq. (2.5))

S% ~2.33(24)" 235 INL* = 0464 ~>*5 |NL*, (3.1

The curves in Fig. 3 show the behaviour of the loss rate in the very long mean free
path regime, where, for the plasma to gyro radius ratio chosen, a local transport
coefficient no longer exists. In good approximation this so-called v regime is
given by

S, x—=v, (3.2)

v being the collision frequency. This result can be understood in the framework of
the following simplified model. A magnetic surface is characterized by its ripple
given by B,;, and B, and defining a boundary in velocity space

) b B . 172 )
xp=—=|1-—2 =(26)"2 3.3
antr- (12 .
In simplified mirror theory, the distribution function f(x) vanishes for x, <x<1,
analogously in stellarators without electric field for 0 < x < x,. The stationary

solution f(x) is obtained by solving the eigenvalue problem

sla=m |- v (34)

581,73:1-6
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FiG. 4. (a) Typical mirror distribution function f(x), x=wv /v, in the loss cone regime for
B yax/Buwa = 10. (b) Typical stellarator or rippled tokamak distribution function f(x), x=u, /v, in the
loss cone regime for d =0.10.

for the source strength o with the boundary conditions f(x,)=0 and f'(0)=0 for
the mirror and f(1)=1 for the stellarator. Figure 4 shows these distribution
functions in the mirror case for B.,,/Bn,=10 and in the stellarator case for
=0.10. Figure 5 shows the normalized confinement time t/t,= 2/« in the mirror
case as a function of the logarithm of the mirror ratio and in the stellarator case as
a function of ripple. In the present context of /=2 stellarators with J, < 0.1, the
loss rate is given in good approximation by the collision frequency. Figure 6 shows
a histogram of a distribution f(,, x) Ay, where ¥, was chosen such that § =0.1.
Comparison of the v, ripple, and plateau regimes yields the following boundaries
between these regimes:

L% ~0.780,4"*(1/N)*>, (3.5)
o~ 224%%/1N, (3.6)
L&H~028027 (3.7)

as obtained from the asymptotic dependences. Hence, a quite large value of
Q, 2 2.84"2/i"°N°’ is required for the ripple regime to exist. The actual results, in
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FiG. 5. (a)Mirror confinement times normalized 1o the collision time versus B, ./Bmuin-
(b) Stellarator or rippled tokamak confinement times normalized to the collision time versus ripple 8.
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FiG. 6. Stationary distribution function f(x), x=v /v, in the v regime for a rippled tokamak.
L* = 10% 20 collision times, Q,=100, Ry/a=17,1=0.5, 6.=0.10, y =0.3.

which the transitions between the regimes are gradual, show that only for 0, > 107
does an increase of the losses due to ripple effects become evident. On the other
hand, Eq. (3.5) shows that the maximum loss rate

Sk, 20360, 4 45N (38)

becomes substantially larger than the plateau loss for sufficiently large @, ie., for
electrons.

4, LocaL TRANSPORT COEFFICIENTS WITH ELECTRIC FIELD

An important effect of the electric field is its influence on the collisionless orbits of
the localized particles [9]. These orbit changes cause the transition from the ripple
regime to the so-called v and v'” regimes. The Monte Carlo simulations of the local
transport coefficient yield, for /=2 stellarators, the following results in these
regimes:

Dy = LOH™*, (4.1)
D3 =011H" Jv¥, (4.2
22 (4.3)

p

where p is the formal gyro radius, E the kinetic particle energy, and v*=1/L* Fis
the electric field on the magnetic surface considered, which has aspect ratio 4 and
twist 1; F'is related to the potential ¢ = ¢o(1 — ) by F= ¢o2r/a?, where r is the for-
mal radius of the magnetic surface with normalized flux ¥. Figure 7 shows results
for Q,=10% Equations (4.1) through (4.3) are in accordance with previous
analytical results [9] and are valid for H > 10. In particular, the dependence of the
transitions from both the v~! to v'? regimes and the v'/? to v regimes is given by
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FiG. 7. Normalized transport coefficient D*(L*) in an /=2 stellarator for ¢, =10* and various elec-
tric fields; ego/E=0 (x), £4 (+.~), +8 (O), £16 (1), H=137, 68, 34. A=125, N=5, 1=05,
d.~0.03.

v¥ oc epo/EQ,, so that these transitions occur in the long mean free path regime for
electrons. On the other hand, the location of the transitions is proportional to the
potential ¢,. For example, the transition from the v ~! to the v'/* regime is given by

A €¢0 (se

K

v E Q,

(4.4)

If a formal diffusion coefficient is associated with the loss rate found in the v regime
without electric field, Eq. (3.2), it is easy to see that this v regime is suppressed if
edo/E>1.9 a/R,. Finally, comparison with the transport coefficient in the tokamak
banana regime, Eq. (2.4), shows that large potentials in units of the particle energy
are needed to approach the neoclassical loss in a tokamak without ripple.

5. Loss RATES WITH ELECTRIC FIELD
With an applied electric field, several basic points have to be observed.

First, the associated poloidal rotation velocity v, at the plasma boundary is
governed by

v EQ,

Yo _ o (5.1)

so that for egy/Ex1 the rotation is always slow as compared with thermal
velocities, which case is considered here.
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Second, the resonant poloidal velocity v, ., =1,/4, which destroys the con-
finement of passing particles, only occurs if

ebo_1aQ,
E R’

ie, H=1 (Eq. (4.3)) corresponding to quite large potentials in units of the particle
energy. Monte Carlo simulations of this case are not considered in the present
paper. In particular, the potential is too small for the resonance to occur in the
results described in Section 4.

Third, to calculate loss rates according to the scheme described in Section 2, the
pitch angle collision operator has to be supplemented by an energy collision
operator which keeps the particle kinetic energy an approximate constant. For if
the total energy were conserved, the eclectrostatic confinement properties would
dominate the behaviour of the test particle distribution function. Here, the kinetic
energy is relaxed with the same time constant which governs the pitch angle
scattering:

(5.2}

Ll

xnew:xold(l-A)i[(1_x<2){d)A]1’vz: (
Evew=Eqq +(E—Eqa) 4, {

where 4 = At/1y. (At time step) and x,.,,, X4 are the values of the pitch angle and
Eoews Eog the values of the kinetic energy, E being the initial kinetic energy of the

3
/

(% h
InY

4)
E
test particle. This procedure results in thermodynamic equilibrium of the test
particle distribution f in the applied potential ¢, i.e., f = f, exp(—ed/E), where f, is
the distribution without applied electric potential. Figure 8 shows stationary

0./ - 1

FiG. 8. Stationary distribution functions f(y) with and without electric field in a tokamak in the
plateau regime; e¢o/E=0 (O), +2 (+,~), H=25. L* =10, @,=10% Ry/a=10, 1=0.5, 10° collisicn
times.
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distributions in the tokamak plateau regime which indeed verify this behaviour.
Obviously, the condition of quasi-neutrality is not taken into account in the
framework of this treatment, so that a cautious interpretation is needed. Since for a
given transport coefficient the loss rate is proportional to the gradient at the plasma
edge, the loss rate (in contrast to the local transport coefficient) depends on the
sign of the electric field: the “attracting” potential (eg, < 0) results in a smaller loss
than without electric field, the “repelling” potential (eg,>0) in a larger one.
Figure 9 shows these results for a rather large value of Q, = 500, where the notion
of a local gradient at the boundary applies. Numerically, S, (ed,/E= +2)/
S_(e¢o/E= —2)=~ 13 is found, which is quite close to the theoretical value

St oencay L7024 /U exp(=24) dy
e p(4) . s
S_ § Jo(24 /W) exp(+2y) diy

this being 15.6. From Fig. 9 it is also seen that the difference in loss rates becomes
less pronounced with increasing mean free path. The ordering relation

(5.5)

S* < DX < §* (5.6)

remains satisfied. Here D is the local transport coefficient with electric field, which,
for the case of the axisymmetric tokamak, does not depend on the sign or
magnitude of the electric field applied.

Analogous results are found for /= 2 stellarators (see Fig. 10), in which all three
quantities S*, D¥, and S% are obtained for Q,=500. In the Imfp regime the
improvement as compared with the loss rate without electric field is of the order
10 ie., the confinement time is 10? collision times, irrespective of the sign of the
potential.
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FiG. 9. Normalized loss rates $* (+,—) in a tokamak with egy/E= +2, Q,=500, Ry/a=10,
1=0.5. In addition, the normalized transport coefficient D* ( x ) (which is independent of the electric
field) is shown; Q, =500, 4 =10, 1=0.5, H=21. The dashed curve represents the banana regime with
D% =AYL* (Eq. (24)).
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FiG. 10. Normalized loss rates S* (+,-) in an /=2 stellarator with e¢o/E= +2, 0,= 500,
Rp/a=86, N=35, 1=90.5, 6.~002 (at 4=17). In addition, the corresponding normalized transpost
coefficient D* ( x ) (which does not depend on the sign of the electric field) is shown; @, =500, 4 = 12.5.
N=51=0.5 H=14, 6,~0.03. The v~ ! and v regimes are also indicated.

6. CONCLUSION

It is shown that Monte Carlo methods can be successfully applied to the com-
putation of neoclassical transport coefficients as well as neoclassical confinement
times over wide ranges of mean free paths and ratios of plasma to gyro radius
without and with radial electric field. Although the condition of quasi-neutrality has
not yet been taken into account, the results obtained in the long mean free path
regime suggest that ion confinement is sufficiently improved with an electric poten-
tial of the order of the particle energy. Thus, the contribution of electron—electron
collisions to neoclassical energy confinement will be of comparable importance; see
Egs. (3.5) and (4.3).

In this paper, only results on tokamaks without and with ripple and /=2
stellarators are presented. Results for advanced stellarators with a more com-
plicated Fourier structure of |B| can be obtained without any changes in the
computational procedures described. Preliminary results for the W VII AS and the
Helias stellarators have already been obtained [7] and will be discussed in future
work.
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